We extend our previous study of the quark-hadron phase transition at finite temperatures with zero net baryon density by two flavor Nambu-Jona-Lasinio model with Polyakov loop to the three flavor case in a scheme which incorporates flavor nonet pseudo scalar and scalar mesonic correlations on equal footing. The role of the axial U (1) breaking Kobayashi-Maskawa-'t Hooft interaction on the low-lying thermal excitations is examined. At low temperatures, only mesonic correlations, mainly due to low mass mesonic collective excitations, pions and kaons, dominate the pressure while thermal excitations of quarks are suppressed by the Polyakov loop. As temperature increases, kaons and pions melt into the continuum of quark and anti-quark excitations successively so that hadronic phase changes continuously to the quark phase where quark excitations dominate pressure together with gluon pressure coming from the effective potential for the Polyakov loop. Since we introduce mesons as not elementary fields but auxiliary fields made from quarks, we can describe the phase transition between hadronic phase and quark phase in a unified fashion.
Introduction
This is a sequel to our recent paper [1] . We first briefly summarize the basic motivation of these works before presenting the aim of the present work.
QCD phase transitions in hot and dense matter has been a focus of intense research in modern nuclear physics [2, 3, 4] . We all expect that at low temperatures the chiral symmetry is broken spontaneously and all colored objects, including quarks, are confined in color-singlet hadrons, while at high enough temperature the chiral symmetry is restored and the color-confinement is lost, so that the system is composed of a plasma of unconfined nearly massless quarks and gluons, commonly called the quark-gluon plasma. The transition of these two limiting states of matter is much less understood, however, due to the difficulty of solving QCD in the non-perturbative regime. Although the lattice QCD simulations have been intensively studied for such purposes, there remains a difficulty of extending the method to finite baryon chemical potential due to the sign problem. We therefore adopt phenomenological approach using effective models of QCD to describe the quark-hadron transition at finite temperature.
The Nambu-Jona-Lasinio (NJL) model has been often used to described the chiral phase transition. Although the model was originally formulated [5] , before the advent of the quark model, in terms of the hadronic degrees of freedom, it has later been adopted as an effective theory of quark dynamics [6] , respecting chiral symmetry, and has been used to study the QCD phase diagram [7, 8] .
A simple way to calculate the equation of state by the model is to perform the mean field approximation. In this approximation, the system is composed of thermal excitations of quark quasiparticles even at low temperatures and mesons are treated only as an uniform background field under the mean field theory. Thermal fluctuations of mesons has been included within the scheme of the NJL model by computing the mesonic correlations [9, 10, 11, 12, 13] .
Even though the NJL model can be effective to study the chiral phase transition, this model still lacks mechanism of quark confinement. To remedy this problem, the model was extended by Fukushima [14] to include the effect of the Polyakov loop [15, 16] which works as an order parameter of deconfining phase transition. Fukushima's model (PNJL model) has been reformulated as a mean field theory in uniform background temporal color gauge field and has been studied extensively by others [17, 18, 19] . The uniform color gauge field works as imaginary color dependent chemical potential. Thermal quark excitations are suppressed by the phase cancellations between the distribution functions of triplet of colored quarks at low temperatures where the Polyakov loop is to vanish, while at high temperatures these quark excitations appear as in the original NJL model with vanishing average color gauge field, in accord with the Polyakov loop approaching unity.
Mesonic excitations can be found, as in the NJL model, in the mesonic correlations beyond the mean field approximation [1, 20, 21, 22, 23, 24] . We have shown in [1] that equation of state of a meson gas can be derived explicitly at low temperatures by the method of auxiliary fields which physically express effective meson fields build-up as a quark-anti-quark bound states as in the original Nambu-Jona-Lasinio model. The purpose of this work is to extend the previous study based on the two flavor PNJL model to three flavor model.
Even though the analysis with two flavor model gives us rich physics, once we hope to compare our results with experimental data, it is necessary to consider the role of the strangeness degree of freedom. In this paper, we extend our previous work with two flavor model [1] to the three flavor case along the line of the NJL model [25, 26, 27, 28, 29] . By changing quark fields with two flavor components to three flavors, the number of mesons which appear in this model also changes. Unlike the two flavor model which contains three pions and sigma meson, there are nine pseudo scalar mesons (3π, 4K, η and η ′ ) and nine scalar mesons (σ, 4κ, f 0 and 3a 0 ) in the three flavor model. As for the scalar mesons, all scalar mesons have not been established by experimental data [30] due to their large decay widths. However some analyses support for the existence of the scalar nonet [31, 32, 33] . In addition to the change of quark fields, it is necessary to take the six point interaction called the Kobayashi-Masukawa-'t Hooft interaction [34, 35] . This interaction breaks axial U(1) symmetry, ensuring the observed mass splitting of η and η ′ .
Extension of the flavor number has been performed also in the PNJL model [36, 37, 38, 39] . However, all of these works have been done under the mean field approximation, so that mesonic excitations are absent in these calculations. In this work we put mesonic correlations into the equation of state and we describe how the degrees of freedom of thermal excitations change from those of hadrons to quark and gluons.
The rest of this paper is organized as follows. In the next section, we introduce a three flavor PNJL model to be used in the evaluation of the path integral expression for the partition function. All NJL type models contain four-point interactions of fermion fields. These four point fermionic interactions can be eliminated by standard Hubbard-Stratonovic transformation in favor of integrable quadratic terms.. Three flavor NJL models has additional six-point interaction, however. To eliminate this six-point interaction we need to introduce "counter terms" generated by the third power of bosonic auxiliary fields each shifted by the quark bilinear terms with appropriate normalization. Intuitively, this procedure may be regarded as reducing the six-point interaction to effective four-point interactions by replacing one set of quark bilinear term by their expectation value [27] . In Section 3, we summarize the results of the mean field approximation which freezes meson fields as back ground fields. We also show how the effect of the Polyakov loop appears in the equation of state. In Section 4, we calculate the contribution of mesonic correlations to the equation of state and show that pressure are dominated by low mass mesons as pseudo-Nambu-Goldstone modes, pions and kaons, at low temperatures, while it is dominated by quarks and gluons at high temperatures. In order to explore what is happening at intermediate temperatures, we also calculate up to which temperature collective mesonic excitation persist. We summarize this work in Section 5.
Model setup
In this section, we set a three flavor PNJL model and derive thermodynamic potential by calculating a partition function by the path integral method. We introduce the Lagrangian of a three flavor PNJL model:
where
and
for three flavor light quarks,q = (
where A 0 is the temporal component of gauge fields, A 0 = −iA 4 [43] . Gauge field is not treated here as a dynamical valuable but as an external parameter like imaginary chemical potential which depends on the color of quarks.m is a 3 × 3 mass matrix, giving bare quark masses m u , m d and ms for u, d and s quarks, respectively. In the later calculations, we set m u = m d = m assuming isospin symmetry.
L 4 is a four-point interaction of quark and anti-quark ( Fig.1, (a) ), with G the coupling strength. Each λ a is a 3×3 matrix in flavor space, with a running from 0 to 8. λ 1 to λ 8 are the Gell-Mann matrices and λ 0 is proportional to an identity matrix: 2/3I. The relative strength of scalar and pseudo scalar interactions is determined so that they as a whole possess the chiral symmetry. L 6 is a sixpoint interaction, called the Kobayashi-Maskawa-'t Hooft interaction (Fig.1,  (b) ). with K the strength of the interaction. Since q andq each have three components in flavor SU(3), L 6 consists of 6th power terms of fermion fields. L 6 can be written in the following form [44, 45] :
where d abc contain symmetric constants for SU(3) for a = 1, · · · , 8, besides The partition function is given by
From the interaction terms, this model can incorporate correlations which generate pseudo scalar mesons and scalar mesons. For pseudo scalar mesons, there are nine mesons, three kinds of π, four kinds of K, η and η ′ . They make a nonet in SU(3) flavor classification. In the chiral limit, mass of all mesons is exactly zero, in this limit, forming the nine massless Nambu-Goldstone modes. The axial U(1) symmetry is broken by the 6-point interaction, making η 0 massive. In addition, the SU(3) flavor symmetry is broken due to the nonvanishing bare quark masses, m u , m d , m s , generating the physical masses of each meson.
There appear also nine scalar mesons in this scheme, not all of which are confirmed by experiments. Especially the existence of κ is still very controversial. Beside κ, all other scalar mesons are listed on the data compiled by the particle data group [30] .
The original model Lagrangian contains 4th and 6th power of fermion fields. These non-quadratic terms make difficult to perform the fermion integrals in the partition function. Recalling the two flavor case, the PNJL model has only four point interactions which we eliminate by generating "counter terms" contained in the square of the auxiliary bosonic field shifted by the quadratic quark fields. Integration of the quark fields can be performed analytically and the partition function is written in terms the path integral over the bosonic fields. This standard Hubbard-Stratonovic transformation [46, 47] cannot be applied directly in the presence of the six point fermionic interaction. To eliminate the six point interactions we need to introduce extra "counter terms" generated by the third power of the auxiliary bosonic fields shifted by a bilinear form of the quark fields with appropriate normalization, reducing the six point interaction to effective four point interactions. This procedure shift the coupling G of the 4th order quark fields which can be eliminated by the standard procedure.
To be more explicit, we introduce auxiliary bosonic fields φ a and π a coupled to quark scalar densitiesqλ a q and pseudo scalar density iqγ 5 λ a q respectively by multiplying Z(T, A 4 ) by a constant dummy integral:
with
Only second power of the pseudo-scalar fields can appear in order to respect the Lorentz symmetry of the Lagrangian. The desired "counter terms" for the 6 point quark interactions can be found in the expansion of the first term, which however also generates extra 4 point quark interactions; they are removed by the "counter term" generated by the second term. The third term is to eliminate the 4 point quark interactions in the original Lagrangian.
Adding L b , the original Lagrangian is converted to a form which contains the quark fields only in the bilinear form in addition to the second and third power terms of the auxiliary bosonic fields:
is the self-energy matrix of quark quasiparticles due to the coupling to the auxiliary fields.
Now the integration over the Grassmann quark fields can be performed and we obtain the effective action written in terms of the auxiliary bosonic fields φ a and π a :
with the "inverse Euclidean quark propagator" given by
. The trace tr q includes sum over the color, and the Dirac spinor indices of the quark fields.
In order to calculate the pressure of mesonic correlation, we expand an effective action up to the second order of fluctuations around a stationary point,
where the stationary value ofφ a is determined by the condition:
We have assumed that the stationary values of the pseudo scalar fields π a all vanish. Keeping only up to quadratic terms in expansion,
If we stop the expansion at the second order fluctuation, ignoring interactions of mesons, we can perform the Gaussian integral over the meson fields. Then we get the thermodynamic potential;
The first term of Eq. (17) represents the thermodynamic potential under the mean field approximation and the second and third terms represent the contribution of mesonic correlations to the thermodynamic potential.
Mean field approximation
The thermodynamic potential in the mean field approximation, Ω M F (T, A 4 ) and the corresponding pressure p M F (T, A 4 ) have a relation to the leading term of the effective action Eq.(13), I 0 :
The explicit form of the leading term I 0 is given by
where ǫ n is fermionic Matsubara frequencies, ǫ n = (2n + 1)πT and the trace is to be performed over the 3 × 3 color matrix A 4 . We have introduced for convenience the notations:
as implied by the relationφ a = G qλ a q in the mean field approximation. The constituent quark masses M i in Eq. (19) are given in terms of q i q i defined by Eqs. (20)- (22);
Since q i q i is related to the Euclidean i-quark propagator
where the fermionic Matsubara frequency sum can be evaluated by the method of contour integration [49] 
Eqs. (23)- (25) are also written as
which are equivalent to the stationary conditions to the auxiliary scalar fields Eq. (15) . These equations are a three flavor extension of the Nambu-JonaLasinio gap equation which determines the quark masses M i (gaps in the single particle energy spectra) self-consistently.
In the following calculation, we assume unbroken isospin symmetry so that u-quark and d-quark are degenerate. We then find the pressure in the mean field approximation for the three flavor model,
Evaluating the discrete sum over the Matsubara frequencies by the standard method of contour integration, we find
is the pressure exerted by the quark condensate and the zero point motion of the quark quasiparticles with energy
is the quark (anti-quark) quasiparticle distribution function in the external gauge field.
In the above expressions, the constant temporal gauge field A 4 appears as a phase factor together with the quark quasiparticle energy in the quark (antiquark) distribution function. It looks very similar to the gauge invariant (pathordered) Polyakov loop phase integral,
whose thermal expectation value measures the extra free energy associated with the color charge in fundamental representation fixed at a spatial point r.
Although this connection is not strict, since quarks are moving in a uniform background gauge field not fluctuating either in space or in imaginary time to replace the phase factor in the quark quasiparticle distribution function by the thermal average of the Polyakov loop. We replace
tr c L † . Φ andΦ behave as an order parameter of de-confining phase transition.
We apply the same procedure to the quark condensates which appears in the gap equation so that q i q i is replaced by
where we indicated a momentum cut-off at p = Λ in the otherwise divergent vacuum polarization term.
Here we determine Φ phenomenologically by adding an effective potential of Φ:
where we define, following,
The parameters are chosen so that Φ = 0 at low temperatures, Φ gets close to 1 at high temperatures and U(T, Φ) gives pressure of gluons obtained by lattice calculations at high temperatures.
After replacing the quark distribution function by the statistical average over the gauge field A 4 , the pressure under mean field approximation is given by We show in Fig.2 temperature dependence of the order parameters, ūu , ss the amplitudes of the chiral condensates and l = Φ the expectation value of the Polyakov loop. Since both the chiral and the confining transitions become crossover in this calculation, the temperature is scaled by T c the pseudo critical temperature determined by the maximum of the chiral susceptibility, the second derivative of the pressure with respect to ūu . In this calculation, T c is found 220MeV.
We choose the values of the parameters in accordance with [48] ; m u = m d = 5.5MeV, m s = 140.7MeV, Λ = 602.3MeV, GΛ 2 = 1.835 and KΛ 5 = 12.36. These parameters are determined by the pion mass m π = 135.0MeV, the kaon mass m K = 497.7MeV, the η ′ mass 957.8MeV and the pion decay constant f π = 92.4MeV in vacuum. Note that the effect of the Polyakov loop enters only through the quark distribution function so that it does not appear in vacuum. This implies that our procedure to set the values of the parameters by the physical observable in the vacuum is the same as the one taken for the NJL model without confinement. The solid red line and the dotted black line are the results of two chiral condensates, ūu , ss respectively, scaled by the vacuum expectation value of each condensate. The dotted blue line is expectation value of the Polyakov loop which characterizes the deconfining transition. The amplitude of the u-quark condensate approaches zero rapidly at temperatures above T c , while that of the s-quark condensate remains nonzero even at higher temperature due to the larger bare s-quark mass, which is comparable to T c .
We plot the pressure in the mean field approximation in Fig.3 . The solid red line (the dotted blue line) is calculated in the mean field approximation with (without) the effective potential of the Polyakov loop U(T ), which contains the gluon pressure; the dotted blue line is the pressure only due to the quark quasiparticles. The dotted pink line is the pressure calculated by the NJL model. Comparing the dotted red, pink and blue lines, one sees that the quark pressure becomes almost zero at low temperatures because the quark excitations are strongly suppressed by the Polyakov loop in the confining phase, while they persist even at low temperatures in the NJL model without confinement.
Mesonic correlation
In the previous section, we have discussed the equation of state obtained by the mean field approximation with the three flavor PNJL model. It is seen that the Polyakov loop depletes the quark pressure in the low temperature confining phase. Now we explore how mesonic correlations contribute to the EOS in this section.
The pressure from mesonic correlations can be calculated from the second and the third terms of Eq.(17) for the thermodynamic potential. By the thermodynamic relation pV = −T Ω , the pressure of mesonic correlations in the background gauge field A 4 is given by 
where I is an effective action, Eq. From Eqs. (13) and (40), we find
where M α measures the Gaussian fluctuation of the Fourier component of the mesonic auxiliary fields in the mesonic channel α(= π, K, η, η ′ , σ, κ, a 0 , f 0 ) with the Matsubara frequency ω n = 2nπT and the spatial inverse wavelength q; it contains the information about the existence of collective mesonic excitations in each channel. It is given in the form
where Π α (ω n , q) is the quark polarization for the mesonic channel α,
for a scalar field of the channel α = σ, κ, a 0 , f 0 and
for pseudo scalar fields for α = π, K, η, η ′ with the projection Λ α onto the flavor channel α. Each terms on the right hand side of Eq.(45) are multiplied by the corresponding degeneracy factor: 3 for pions, 4 for kaons, etc. G ′ α is the effective 4 point coupling, combination of the original four point coupling G and the extra four point coupling generated from the six point coupling K with appropriate weight for each channel, as indicated pictorially in Fig. 4 . The explicit form of G ′ will be given for each meson channel in the following subsections. We note here that the effective four point coupling depends on the condensate q i q j so that it depends on the temperature. The discrete Matsubara frequency sum in (41) for the mesonic correlation pressure can be transformed by the method of contour integration to an integral along the positive real ω axis:
withΠ
where S(ω, p) is the standard Feynman propagator for quark. We note that each logarithm in the integral (45) is just the argument ofM α (ω + iδ, q) multiplied by 2. In Eq. (45), the first term in the bracket diverges in ω integral so that we need to introduce second cut-off parameter Λ b to suppress this divergence. In this work, we choose Λ b = Λ/2 [ For the computation of the correlation energy or pressure, it is convenient to decompose the function M(ω ± iδ, q) into real part M 1 (ω, q) and imaginary part M 2 (ω, q):
The imaginary part M 2 (ω, q) becomes non zero in the kinematical region of (ω, q) which allows a pair excitation of quark and antiquark or scattering of a thermally excited quark into an unoccupied state, as signified by non-zero imaginary part of the function F pair (ω ±iδ, q) and F scat (ω ±iδ, q), respectively, given explicitly in Appendix B. The long-lived meson collective mode exists when the real part M 1 (ω, q) vanishes in the region where the imaginary part also vanishes.
Pseudo scalar mesons: π, K, η, η

′
In this section, we consider the contribution to pressure from pseudo scalar mesons which make a nonet in the SU(3) flavor space. From Eq. (45), we see the pressure of them is written as the sum of contributions from each meson. With SU(3) flavor symmetry breaking, keeping the isospin SU(2) symmetry intact, pseudo scalar mesons are classified in four kinds by the difference of their masses.
The difference of four mesons appears in the meson self-energy due to quark polarization Π α and the effective four point coupling G ′ α . Π α of pseudo scalar mesons are written in general by
is a non-dispersive contact component of the meson self-energy as shown diagramaticaly in Fig. 7 (a), while
is a dispersive component shown in Fig. 7 (b) . In these expression, i, j(= u, d, s)
indicate the flavors of quark and antiquarks constituting the pseudo scalar meson.
The dispersive part of the meson self-energy needs to be analytically continued to a Fourier transform of the real time expression in order to find the dispersion relation for collective meson modes. The detail of computation is given in the Appendix A of our previous paper [1] . Here we present a result of such computations for pseudo scalar mesons:
with the scattering term
and the pair creation and annihilation term
These functions possess singularities when ω = ±(E i (p) −E j (p + q)) is fulfilled for the scattering term and ω = ±(E i (p) + E j (p + q)) for the pair term corresponding to the real excitations of the medium. Note that the effect of the background gauge field A 4 cancels for these excitation which are totally color singlet. However, the gauge field still appears in the distribution functions of the quark quasiparticles as phase factor in exactly the same way in the mean field calculation. We replace these phase factor by Polyakov loops and then by the statistical average, e. g.
for the statistical averages of each component,
Having discussed the generic results for pseudo scalar mesons, we now present the explicit form for each pseudo scalar mesons starting from pions. With the SU(2) isospin symmetry, u-quark and d-quark are degenerate so that contribution to pressure from three pions π + , π − and π 0 are identical.
is the effective four point coupling for pions and non-dispersive and dispersive parts of the meson self-energy for pions are given bỹ
An explicit form of F π (ω, q) is given in Appendix A.
Comparing (61) with the gap equation for M u , the first two terms on the right hand side of (59) can be transformed into a simpler form:
We note that in the limit, K = 0,M π coincides with our previous results with the two flavor model [1] .
Similarly, for kaons, we find,
with F K (ω, q) given in the Appendix A. By making use of the gap equation for M s , (73) is transformed tõ
Although it looks rather complicated, this result coincides with that for pions when the flavor SU(3) symmetry becomes exact.
Next we consider η and η ′ mesons. If there were no Kobayashi-Masukawa-'t Hooft interaction, in other words if U(1) A symmetry is not broken, masses of these two mesons are same. Both η and η ′ mesons are mixtures of a flavor singlet η 0 and a flavor octet η 8 . Without mixing, we find for η 8 ,
and for η 0 ,
To check these results for η 8 and η 0 , we inspect these formulae at extreme cases. First, we consider the case with exact SU L (3) × SU R (3) symmetry, taking m u = m d = m s = 0, but with finite Kobatashi-Masukawa-'t Hooft coupling K. In this case, η 8 becomes a massless Nambu-Goldstone mode, while η 0 becomes massive mode. If further set we K = 0 keeping the SU(3) chiral symmetry, η 0 also becomes a massless NG mode. Regarding the mixing of η 0 and η 8 , we need an effective coupling G ′ 08 ;
and Π 08 (ω, q) .
We show in Fig.6 the effective coupling G ′ scaled by four point coupling G as a function of T /T c in order to check the effect of the Kobayashi-Masukawa-'t Hooft interaction. Each G ′ indirectly depends on temperature through chiral condensates. Although this interaction is introduced to make the mass splitting of η 8 and η 0 , it also influences on the couplings of π and K. One can see the effective coupling of π doesn't change so much compared with others as temperature increases because of the moderate change of ss . Another feature point is that only G ′ η 0 becomes smaller than the original four point coupling G. Others become larger than G because of the negative effect of the second terms in Eqs. (60),(64) and (69).
Scalar mesons
We found for scalar mesons, G' 
with F S (ω, q) = F P S (ω, q).
The only but important difference between Π 2 P S for pseudo scalars and Π
S
for scalars is in the first term of the dispersive parts where the combination
factor generates a massless Nambu-Goldstone mode for pseudo scalar cases, while scalar mesons becomes massive with its mass given by M S = 2M i .
Numerical results: mesonic correlation pressure and melting of collective meson modes
We present the result of the pressure in Fig.7 calculated by the previous method. We only include π, K and σ in this calculation since we expect that other more massive mesons would not contribute much at low temperatures to the pressure. At low temperatures, the pressure is dominated by mesonic correlations, especially pions and kaons. As temperature increases, it approaches to the quark mean field pressure. It means that mesonic collective modes melt as temperature increases and dissolve into quarks eventually. As compared with the two flavor case, contributions of kaons is added on the pressure of two flavor which are dominated by a pion gas at low temperatures and becomes continuously a gas of u, d and s quarks at high temperatures.
In order to study until which temperature mesons as collective modes persist, we plot the real part and the imaginary part of M(ω, q) as a function of ω scaled by q at several temperatures near T c . The conditions of isolated meson poles are given by the vanishing both real part M 1 and imaginary part M 2 : in particular the condition M 1 (ω, q) = 0 determines the dispersion relation of collective modes. M 2 corresponds to the excitations of quarks and antiquarks as a continuum. Therefore collective meson modes exist when both the real part and the imaginary part ofM(ω + iδ, q) vanish at the same time, the former condition determines the dispersion relation of the meson and the latter guarantees infinite lifetime. We write the real part and imaginary part of M(ω, q) in Appendix B. We plot each component as a function ω/q in Fig.8 for pion and Fig. 9 for kaon at three different temperatures around T c . These panels are showing whether collective modes exist or not for pion and for kaon. In the shadowed areas, where the imaginary part M 2 has finite value, the continuum of quark and anti-quark exists. The region where the imaginary part is finite in time-like goes down as temperature increases because of a decrease of constituent quark masses along with chiral symmetry recovering.
In Fig. 8 , there is a point where both real and imaginary parts become zero until T = 1.15T c , but when T reaches 1.2T c such a point vanishes. It means that the collective mode of pion exist until T = 1.15T c . The same plots for kaon are displayed in Fig. 9 . The collective mode of kaon disappears at T = 1.15T c . This vanishing temperature of kaon pole is lower than that of pion.
The vanishing points of pion pole and kaon pole are located on the places of the arrows in Fig. 10 . It should be notable that pion and kaon still remain after the color-confinement is lost. Namely the quark-gluon excitations and meson excitations coexist in the transition region. The chiral symmetry is still not fully recovered at these temperatures. There exist windows in the continuum of quark-antiquark pair excitations in the ω − q plane where the spectrum of the isolated collective meson excitations reside. As the temperature increases further these windows are narrowed by the decrease of constituent quark masses and the collective meson spectra are absorbed in to the continua of individual quark-antiquark pair excitations. 
Summary and concluding remarks
We have studied the quark-hadron phase transition by using a three flavor PNJL model which contains the order parameters of both the chiral phase transition and the deconfining phase transition. In the mean field approxima-tion the deconfining transition becomes a crossover transition in this model. To include the mesonic thermal excitations, however, we need to go beyond the mean field approximation. We used the method of auxiliary fields to describe mesonic excitations; mesonic correlations are computed in the gaussian (one-loop) approximation for the fluctuation of the mesonic auxiliary fields, neglecting meson-meson interaction.
We have extended our previous work with a two flavor case to a three flavor PNJL model incorporating nine pseudo scalar mesons and nine scalar mesons. Under the flavor SU(3) symmetry breaking, four kinds of pseudo scalar mesons(π, K, η and η ′ ) and scalar mesons(σ, κ, a 0 , and f 0 ) appear with different masses and the equations of state are dominated by mesonic correlations, especially pions and kaons, at low temperatures. As temperature increases, the contribution from mesonic correlations decreases and the equation of state are dominated by quarks (and gluons given by hand). Mesonic excitations at low temperatures eventually melt and the degrees of freedom of thermal excitations change from hadrons to quarks. We have also studied the conditions for the existence of long-lived collective meson modes in pion and kaon channels and computed the melting temperatures of pions and kaons. We found that kaons melt first at around T = 1.15T c and pions melt at T = 1.2T c slightly above the melting point for kaons.
In our calculation we only included the mesonic correlations in the pion, kaon, and σ meson channels. More massive mesons including σ meson can decay into lighter mesons (pions) and it generates significant decay widths for these mesons. Therefore, for a more complete treatment to include the effects of these higher mass mesonic correlations, we need to include the meson-meson interactions, taking into account the higher power terms in the expansion of the effective action written in terms of the mesonic auxiliary fields.
In our model, the effect of confinement appears through the quark distribution function modified by the Polyakov loop expressing the phase interference among quark distribution functions with three different color states. In the vanishing Polyakov loop the modified quark distribution turn into the distribution of quark triads with the excitation energy three times larger than the single quark. The same modified quark distribution function appear also in the calculation of the temperature dependence of the collective modes, although their vacuum properties are the same as in the NJL model. This implies that the temperature dependence of the mesonic excitations show somewhat weaker than that calculated with the NJL model without confinement since the thermal excitations of quarks are suppressed at low temperatures. We note that the modified quark distribution for vanishing expectation value of the Polyakov loop is still not the same as the baryon distribution function as emphasized in our previous work [1] . This work has been done at zero baryon densities. However if we would try to extend our work to the finite chemical potential region, we must consider how to describe baryons as correlated three quark bound states. 
F us (ω, q) = F scat us (ω, q) + F pair us (ω, q) (A.7)
(A.9)
Since pions are written as collective modes of u-quark, F π is written by using only F uu ; The function F (ω ± iδ, q) can be decomposed into real part F 1 (ω, q) and imaginary part F 2 (ω, q):
F (ω ± iδ, q) = F 1 (ω, q) ± iF 2 (ω, q) = F 1 (ω, q) 2 + F 2 (ω, q) 2 e ±iφ(ω,q) (B.1)
where the argument φ is given by φ(ω, q) = tan −1 F 2 (ω, q)
Ancillary to that, M(ω ± iδ, q) has also an imaginary part. The real part and imaginary part of the function F are further decomposed into two parts: the scattering term and the pair excitation term. The two components of the real part are given by the principal part integrals:
while the two components of the imaginary part contains the energy conserving δ-functions:
× (δ(ω + E i (p) − E j (p + q)) − δ(ω − E i (p) + E j (p + q)))(B.5)
(1 − f Φ (E i (p)) − f Φ (E j (p + q))) (δ(ω + E i (p) + E j (p + q)) − δ(ω − E i (p) − E j (p + q))) (B.6)
It is evident that the scattering term has non-zero imaginary term in the spacelike energy-momentum region (q 2 > ω 2 ), while the pair creation/annihilation term is non-vanishing only in the time-like region (q 2 < ω 2 ). It is important to note that non-collective mesonic correlation arises only from non-vanishing imaginary part of F (q, ω).
